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Abstract
The Horˇava theory in 2 + 1 dimensions can be formulated at a critical point in
the space of coupling constants where it has no local degrees of freedom. This
suggests that this critical case could share many features with 2 + 1 general
relativity, in particular its large-distance effective action that is of second or-
der in derivatives. To deepen on this relationship, we study the asymptotically
flat solutions of the effective action. We take the general definition of asymp-
totic flatness from 2 + 1 general relativity, where an asymptotically flat region
with a nonfixed conical angle is approached. We show that a class of regular
asymptotically flat solutions are totally flat. The class is characterized by having
nonnegative energy (when the coupling constant of the Ricci scalar is positive).
We present a detailed canonical analysis on the effective action showing that the
dynamics of the theory forbids local degrees of freedom. Another similiarity with
2 + 1 general relativity is the absense of a Newtonian force. In contrast to these
results, we find evidence against the similarity with 2 + 1 general relativity: we
find an exact nonflat solution of the same effective theory. This solution is out
of the set of asymptotically flat solutions.
1 Email: jorge.bellorin@uantof.cl, cl.borquezg@gmail.com, byron.droguett@ua.cl
1 Introduction
In gravitation two features are commonly associated: the absence of propagating de-
grees of freedom and the triviality of the curvature, or at most, constant curvature
in the presence of a cosmological constant. Of course, this is the case of 2+1 general
relativity. Nontrivial configurations are more likely associated to global effects, like the
case of the Ban˜ados-Teitelboim-Zanelli black hole with negative cosmological constant
[1]. In this paper we explore on the relationship between the absense of local degrees
of freedom and the triviality of the curvature in the framework of the Horˇava gravity
[2, 3]. This theory is based on a foliation of spacelike surfaces along a given direction
of time, and the symmetry is given by the transformations that preserve the folia-
tion. A spacetime metric is not mandatory as fundamental object. Nevertheless, the
gravitational fields are taken from the Arnowitt-Deser-Misner (ADM) decomposition
of general relativity. The underlying gauge symmetry leads to a quantum theory with
improved behavior in the ultraviolet, since terms of higher order in spatial derivatives
can be incorporated in the action. Unitarity can be safe since no terms of higher order
in time derivatives are neccesary to define the theory.
The most studied formulation of the Horˇava theory, both in its projectable and
nonprojectable versions (the last one extended in Ref. [4]), propagates one physical
degree of freedom additional to the ones of general relativity. Although this can be
generically associated to the fact that the gauge symmetry group of the Horˇava the-
ory is smaller than the one of general relativity, actually this is not a unavoidable
feature. There is a critical point in the space of coupling constants where the ex-
tra physical mode disappears (with an enhancement of the gauge symmetry the extra
mode also disappears [5, 6]). The kinetic term of the Lagrangian has the general form√
gN(KijK
ij − λ(gijKij)2), where λ is an arbitrary coupling constant. The additional
extra mode is eliminated when λ takes the critical value λ = 1/d, where d is the spatial
dimension. To distinguish this special case, we refer to the theory formulated under
the λ = 1/d condition as the critical Horˇava theory. The canonical formulation charac-
terizing the degrees of freedom in the critical d = 3 case can be found in Ref. [7]. Two
additional second-class constraints arise in the critical case, which are not associated to
gauge symmetries. These constraints eliminate the extra mode. Thus, the elimination
of the extra mode in the critical case is a consecuence of the dynamics, rather than the
symmetry.
In a foliation of d = 2 spatial dimensions, one expects that the critical Horˇava theory
does not propagate any mode at all, since the would-be single scalar mode should be
eliminated by the additional second-class constraints. Therefore, the critical Horˇava
theory in 2 spatial dimensions behaves like 2+1 general relativity in the sense that local
degrees of freedom are absent. Since this is a central feature of the critical theory, we
study this rigorously by means of a canonical analysis on the large-distance effective
action, which is of second order in time and spatial derivatives. The Hamiltonian
formulation is also useful to discuss the gravitational energy and its relation to the
asymptotically flat configurations.
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The absense of degrees of freedom raises a question about the solutions: whether
in the critical 2 + 1 Horˇava theory are or are not nonflat solutions. The qualitative
comparison with general relativity is particularly relevant for the large-distance effec-
tive action, since they are of the same order. In principle, there is no reason to think
that the vacuum field equations (without cosmological constant) lead to zero curva-
ture, since the field equations of the effective Horˇava theory are different to the ones
of general relativity, even for the critical Horˇava theory. The ADM fields enter in
some combinations that do not belong to the spacetime curvature. This can be casted
on the equivalent formulation of the Einstein-aether theory [8]. If the aether field is
restricted to be hypersurface orthogonal, the resulting theory is physically equivalent
to the large-distance effective theory of the nonprojectable Horˇava theory [9, 10, 11].
Since the gravitational field equations of the Einstein-aether theory incorporate the
energy-momentum tensor of the aether field, it is clear that, whenever solutions with
nonzero aether energy-momentum tensor exist, these solutions have nontrivial space-
time curvature. We remark that, in the framework of the Horˇava theory, the aether
energy-momentum tensor should not be interpreted as an external source, since it is
the way of representing the intrinsically gravitational terms of the Horˇava theory that
are different to the ones of general relativity.
Asymptotically flat solutions are of special importance. They represent the grav-
itational field of isolated sources. In 2 + 1 general relativity there is the definition of
asymptotic flatness given in Ref. [12], which is motivated by the rest-particle solution
of Ref. [13]. In contrast to the 3 + 1 dimensions, in the 2 + 1 case the dominant mode
in the asymptotic expansion is not fixed to an unique metric at infinity. Instead, the
asymptotically flat solutions approach to the asymptotic region of a cone of variable
conical angle. This can be a defficit, zero or excess angle. We take all this possibilities
as valid conditions to define the asymptotic flatness. The same definition of asymp-
totic flatness can be adopted for the 2+ 1 Horˇava theory [14]. Therefore, to undertake
a general analysis on asymptotically flat configurations, one should take the general
definition with the variability on the dominant mode. Moreover, in the case of the 2+1
Horˇava theory, there are more possibilities for positive energy among the asymptoti-
cally flat configurations. A property of the critical theory is that the coupling constant
of the spatial Ricci scalar in the Lagrangian, denoted by β, has no defined sign. Due to
this, the set of possible asymptotically flat solutions with positive energy is enhanced,
allowing that also the metrics that approach a cone with an excess angle have positive
energy.
We analyse both the degrees of freedom and the asymptotically flat solutions of
the 2 + 1 nonprojectable Horˇava theory defined at the critical point λ = 1/2. We
develop a detailed canonical analysis, showing the self-consistency of the theory and
the fact that it has no propagating degrees of freedom. In the analysis of the solutions,
we emphasize on the presence or absense of nonflat solutions. We find that a class
of the asymptotically flat configurations are necessarily globally flat. This is the class
of solutions that has nonnegative energy when the range β > 0 is considered in the
space of coupling constants. Another related feature is the absense of a Newtonian
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force, as happens in 2 + 1 general relativity. Despite these results, we also find that
there are more possibilities for nonflat solutions: by relaxing the boundary conditions
we find a nonflat solution that is not asymptotically flat. This solution is static and
with rotational symmetry. It is an evidence that the critical 2 + 1 Horˇava theory is a
gravitational theory without local degrees of freedom but that still possesses nonflat
solutions at the level of the second-order action.
The noncritical 2 + 1 Horˇava theory has been previously studied in many aspects.
This theory propagates a scalar mode, hence the dynamics is different to the case we
study here. A dynamical analysis for the noncritical case was done in Ref. [15], where
the physical propagating mode was characterized. Several solutions has been studied
in the three-dimensional noncritical Horˇava theory. Some of these works can be found
in Refs. [16, 17, 18, 19], where black hole and other solutions with diverse asymptotics
have been studied. Among them, different models of Lagrangians have been adopted,
including a cosmological constant term, which allows for more kinds of asymptotic
geometries, i. e. de Sitter, anti-de Sitter and Lifshitz asymptotics. Quantum aspects
of the 2 + 1 Horˇava theory has been developed, for example, in Refs. [20, 21, 22, 23,
24]. The three-dimensional Horˇava gravity has been related to the gauging of some
nonrelativistic algebras in Ref. [25].
This paper is organized as follows: in section 2 we perform the canonical analysis,
starting with the nonperturbative general analysis and then ending with a perturbative
analysis under which the constraints can be solved explicitly. In section 3 we first study
the asymptotically flat solutions, and then we find an explicit nonflat solution. We
present some conclusions and in the appendix we discuss the Newtonian potential.
2 The absence of local degrees of freedom
2.1 Nonperturbative canonical formulation
We perform a detailed canonical analysis on the large-distance effective action of the
critical Horˇava theory in two spatial dimensions, with the aim of showing that this
theory has no local physical degrees of freedom. A foliation of spacelike surfaces along
a given direction of time is assumed. We may use local coordinates (t, ~x) on the
foliation. The theory is defined in terms of the ADM variables N(t, ~x), Ni(t, ~x) and
gij(t, ~x). We consider the nonprojectable case where the lapse function N is allowed
to depend on the time and the spatial point. We consider the effective action for large
distances, which has a potential of z = 1 order, according to the criterium of anisotropy
introduced in Ref. [2]. The action of the purely gravitational theory (without sources)
is
S =
∫
dtd2x
√
gN
(
GijklKijKkl + βR+ αaia
i
)
. (2.1)
In this section we use the standard notation of Riemannian geometry to denote the
objects associated to the two-dimensional spatial metric gij. Thus, Kij is the extrinsic
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curvature of the leaves,
Kij =
1
2N
(g˙ij − 2∇(iNj)) , (2.2)
K is its trace, K = gijKij , and the dot stands for derivative with respect the time.
The hypermatrix Gijkl is defined by
Gijkl =
1
2
(
gikgjl + gilgjk
)− λgijgkl . (2.3)
It contains the arbitrary constant λ, which is the coupling constant of the kinetic term
[2]. R is the spatial Ricci scalar. ai is the FDiff-covariant vector ai = ∂i lnN [4]. λ, β
and α are the independent coupling constants of the z = 1 model.
From the identity in two spatial dimensions,
Gijklgkl = (1− 2λ)gij , (2.4)
it follows that for the value λ = 1/2 the hypermatrix Gijkl is not invertible. This
critical condition has profound consequences on the dynamics of the theory; this is our
case of interest in this paper.
The condition of asymptotic flatness in this theory is the same of 2 + 1 general
relativity [12]. If x1, x2 are Cartesian coordinates at spatial infinity and r =
√
xkxk,
an asymptotically flat configuration behaves asymptotically as
gij = r
−µ
(
δij +O(r−1)
)
, (2.5)
N = 1 +O(r−1) , (2.6)
N i = O(r−1) , Ni = r−µO(r−1) , (2.7)
where µ is an arbitrary constant that takes different values among the asymptotically
flat configurations. The reason for using in the 2+1 Horˇava theory the same condition
of asymptotic flatness as in 2 + 1 general relativity is that the gravitational field of a
point particle at rest is the same, and this solution is taken as the asymptotic reference
to define the asymptotically flat condition. Since this is connected with the issue of the
Newtonian potential, in the appendix we give more details on how this solution arises
in Horˇava theory. With the coordinate system used in (2.5), there are three cases for
the asymptotic cone depending of the sign of µ: For µ > 0 a cone with a defficit angle
is approached, for µ = 0 the metric approaches the complete Euclidean metric without
conical angle, and for µ < 0 a cone with an excess angle is approached. There is an
upper bound on µ, µ < 2 [12], which is needed for dynamical consistency. Below we
comment that this bound is also needed in the critical Horˇava theory.
We perform the Legendre transformation for the critical case λ = 1/2 to cast the
theory in its canonical formulation. The phase space is spanned by the conjugated
pairs (gij, π
ij) and (N,PN). The action does not depend on the time derivative of
lapse function N , hence we obtain the primary constraint PN = 0. The momentum
conjugate of the spatial metric obeys the relation
πij√
g
= GijklKkl . (2.8)
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Due to (2.4), the trace of this yields another primary constraint, namely,
π ≡ gijπij = 0 . (2.9)
After the Legendre transformation, one integration by parts and the addition of the two
primary constraints with the Lagrange multipliers σ1, σ2, we obtain the Hamiltonian
H =
∫
d2x
[√
gN
(
πijπij
g
− βR− αaiai
)
+NiHi + σ1PN + σ2π
]
+ 2πβµ . (2.10)
The last constant term is added in order to ensure the functional differentiability of
the Hamiltonian under the asymptotically flat conditions (2.5) – (2.7) [12] (the terms
that depends on ai do not affect the differentiability of the Hamiltonian, as in the
noncritical 2 + 1 Horˇava theory [14]). The definition of the momentum constraint Hi
is extended in order to get the generator of spatial diffeomorphisms on the full phase
space [26], hence one defines the momentum constraint
Hi ≡ −2∇kπik + PN∂iN = 0 . (2.11)
Next, we apply Dirac’s procedure to obtain the full set of constraints. We first
impose the preservation in time of the primary constraint PN = 0. This yields the
Hamiltonian constraint
H ≡ π
ijπij√
g
−√gβR + α√g(2∇kak + αakak) = 0 . (2.12)
The preservation of the π = 0 constraint yields a new constraint which we denote by
C. It is given by
C ≡ N√
g
πijπij − β√g∇2N = 0 . (2.13)
Dirac’s procedure ends with the step of imposing the preservation of the secondary
H and C constraints. These conditions generate elliptic differential equations for the
Lagrange multipliers σ1 and σ2. The two resulting equations are equivalent to the
system
0 = β∇2σ2 + 4αak∇kσ2 − 2α
N
∇k(akσ1) + π
ijπij
g
(
2α
β
σ1
N
−
(
1 +
2α
β
)
σ2
)
+2
(
1− α
β
)
N2πij√
g
aiaj , (2.14)
0 = β∇2σ1 − π
ijπij
g
(σ1 −Nσ2)− 2βN2 πij√
g
(
2∇iaj +
(
1− α
β
)
aiaj
)
. (2.15)
In order to keep this system elliptic on σ1, σ2, we must discard the possibility of zero
β, ensuring in this way the consistency of the dynamics of the theory. Therefore, the
set of constraints closes consistently. In summary, the nonreduced phase space of the
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nonprojectable Horˇava theory in 2 spatial dimensions and formulated at the critical
point λ = 1/2 is spanned by the variables (gij, π
ij) and (N,PN), which amount for eight
functional degrees of freedom. The theory possesses the momentum constraint Hi = 0,
which is a first-class constraint, and the second-class constraints PN = 0, π = 0, H = 0
and C = 0. This gives a total of six constraints that must be imposed. Subtracting
the two functional degrees of freedom corresponding to the gauge symmetry of spatial
diffeomorphisms, we have that no physical, propagating, degree of freedom is left in the
phase space. In other words, the reduced phase space of this theory has no dimension
at all. With regards to the absence of local physical degrees of freedom, this theory
behaves like 2+1 general relativity.
The equations of motion in the canonical formalism are
N˙ = σ1 +N
k∇kN , (2.16)
g˙ij = 2N
πij√
g
+ 2∇(iNj) + σ2gij , (2.17)
π˙ij = − N
2
√
g
(
4πk(iπj)k − gijπklπkl
)
− α
2
√
gN
(
2aiaj − gijakak
)
+β
√
g
(
∇ijN − gij∇2N
)
− σ2πij − 2∇kN (iπj)k +∇k(Nkπij) . (2.18)
To arrive at this form of the equations of motion we have considered the Hamiltonian
only with the primary constraints added, as it is shown in Eq. (2.10). The secondary
constraints H and C can also be added, but, with suitable boundary conditions, one
finds that the solution for their corresponding Lagrange multipliers is zero, which is
equivalent to drop these constraints out from the Hamiltonian (an extended discussion
about this issue in the 3+1 theory can be found in [27]). Thus, the equations of motion
(2.16) - (2.18) are the evolution equations of the theory on very general grounds.
Viewed as a problem of initial data, the absence of local degrees of freedom means
that the constraints, together with the choice of a gauge to fix the freedom of performing
spatial diffeomorphisms, determine the initial data completely. The evolution equations
(2.16) – (2.18) give the flow in time fo the initial data, but the freedom to change this
initial data has been already fixed by the constraints and the gauge chosen. In the
next section we will see how this works explicitly, by means of a perturbative analysis.
As happens in 2+ 1 general relativity [12], the term of the Hamiltonian (2.10) that
is quadratic on the canonical momentum impose an upper bound on µ: in order to get
a finite generator of time evolution, one must impose µ < 2. Moreover, by using the
constraint (2.12), the Hamiltonian (2.10) can be written as a sum of constraints plus
the boundary term,
H =
∫
dDx
(
NH +NkHk + σ1PN + σ2π
)
+ 2πβµ . (2.19)
The constant term 2πβµ, already present in (2.10), is the only boundary contribution.
Hence, this constant gives the value of the gravitational energy in the same way as 2+1
general relativity. With regards to the sign of the energy and the asymptotic behavior,
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here there are more possibilities due to the presence of the coupling constant β, whose
sign is not restricted by symmetry, physical-mode propagation nor the existence of a
Newtonian potential. In general relativity the symmetry fixes β = 1. In the (linearized)
3 + 1 Horˇava theory, β is the square of the speed of the tensorial waves, hence it must
be positive. But in the critical 2+1 theory there are no gravitational waves, since there
are no local degrees of freedom. Another theory one can compare with is the 2 + 1
noncritical (λ 6= 1/2) Horˇava theory, which has a propagating mode. The squared speed
of this mode is proportional to β2, hence it does not restrict the sign of β. Another way
to fix the sign of β would be the necessity of making atractive the Newtonian potential,
but in the appendix we discuss that in the critical theory there is no analogue of the
Newtonian potential, as happens in 2+1 general relativity. As a consequence, if β < 0
one could have a configuration with µ < 0 and still it has positive energy. In 2 + 1
general relativity a theorem of positivity of the energy is given in Ref. [12]: all globally
well-defined solutions that satisfy the asymptotic condition (2.5) and are coupled to
matter that satisfies the energy conditions have nonnegative energy. A related study
for the Horˇava theory in 3 + 1 dimensions has been presented in [28].
2.2 Linearized version
It is important to have a way for solving the contraints explicitly and checking that no
propagation of free data is allowed. This can be achieved conveniently in the linearized
theory. In this analysis we fix µ = 0 for simplicity. The absence of fluctuations on
the Minkoswski background provides a clear example. The configuration that is the
analogue of the Minkowski space in 2+1 dimensions (in Cartesian coordinates) is given
by the setting N = 1, gij = δij and π
ij = 0, with multipliers Ni = σ1 = σ2 = 0. This is
an exact solution of all the constraints and the evolution equations of the theory shown
in the previous section. We perform perturbations around this solution by means of
the canonical variables
N = 1 + n , gij = δij + hij , π
ij = pij . (2.20)
The asymptotic decay is hij ∼ O(r−1), pij ∼ O(r−2) and n ∼ O(r−1), where r =
√
xixi.
We introduce the transverse-longitudinal decomposition
hij =
(
δij − ∂i∂j
∆
)
hT + ∂(ihj) , (2.21)
where ∆ = ∂21 + ∂
2
2 is the two-dimensional flat Laplacian, and similarly for p
ij . We
impose the transverse gauge ∂ihij = 0, under which the longitudinal sector of the
metric is eliminated, hi = 0.
The linearized momentum constraint (2.11) becomes ∂ip
ij = 0, hence pi = 0,
whereas the linearized version of the π = 0 constraint eliminates the transverse scalar
mode, pT = 0. Thus, in the linearized theory the canonical momentum is completely
frozen. Constraint C, given in Eq. (2.13), becomes β∆n = 0. Since in this perturbative
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analysis we are considering n = O(r−1), the solution for n is n = 0. After this, the
Hamiltonian constraint, given in Eq. (2.12), becomes β∆hT = 0, and since we consider
hT = O(r−1), this constraint fixes hT = 0. Therefore, all the perturbations of the
canonical variables are frozen by the constraints and the choice of a gauge condition,
no fluctuations of the background are allowed.
Since all perturbations of the canonical variables are frozen (and the background
is static), the evolution equations (2.16) – (2.17) yield no relevant information, except
for the fact that they fix the possible fluctuations of the Lagrange multipliers. This
includes the shift vector since we have already fixed the gauge symmetry of spatial
diffeomorphisms. Let us see this explicitly. We suppose that Ni, σ1 and σ2 are variables
of first order in perturbations. At linear order, Eq. (2.16) fixes σ1 = 0, whereas
Eq. (2.18) yields no new information. The linearized equation (2.17) has three different
components, which are equations for the three unknowns N1, N2 and σ2. Writen in
matrix form, these equations are

 2∂1 0 10 2∂2 1
∂2 ∂1 0



 N1N2
σ2

 = 0 . (2.22)
By multiplying this equation from the left with
1
2

 ∂1 −∂1 2∂2−∂2 ∂2 2∂1
2∂22 2∂
2
1 −4∂1∂2

 , (2.23)
we obtain
∆

 N1N2
σ2

 = 0 . (2.24)
By assuming that the Lagrange multipliers decay fast enough at infinity, we find that
the only solution is N1 = N2 = σ2 = 0. Therefore, also the Lagrange multipliers are
frozen in the linearized theory.
3 Asymptotic conditions, flat and nonflat solutions
We want to contrast the previously shown feature that this theory has no local degrees
of freedom with the presence or absense of nonflat solutions. This can be conveniently
study in the Lagrangian formulation, with the action (2.1). The equations of motion
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derived from the action (2.1) at the critical point λ = 1/2 are
GijklKijKkl + βR + αaia
i − 2α∇
2N
N
= 0 , (3.1)
Gijkl∇jKkl = 0 , (3.2)
1√
g
∂
∂t
(√
gGijklKkl
)
+ 2Gklm(i|∇k(N |j)Klm)−Gijkl∇n(NnKkl)
+2N(KikK
jk − 1
2
KKij)− 1
2
NgijGklmnKklKmn
−β (∇ijN − gij∇2N) + αN
(
aiaj − 1
2
gijaka
k
)
= 0 . (3.3)
3.1 Asymptotically flat solutions with µ ≥ 0 are globally flat
The main result about the asymptotically flat solutions can be stated as a theorem:
The only regular solutions of Eqs. (3.1) – (3.3) that satisfy the asymptotically flat
condition (2.5) – (2.7) with µ ≥ 0 are the totally flat configurations. We remark that
in the range β > 0, the configurations with µ ≥ 0 are the ones with nonnegative energy.
To proof the theorem, since the spatial metric is bidimensional, we may consider a
conformally flat form in Cartesian coordinates,
ds2 = Ω2(t, ~x)((dx1)2 + (dx2)2) . (3.4)
The leading mode of the asymptotic expansion of the spatial metric in (2.5) is con-
formal to the 2D Euclidean metric, hence we have the asymptotic behavior Ω2 =
r−µ (1 +O(r−1)). An identity in the form of sum of squares arises in the 2 + 1 critical
theory λ = 1/2 with this conformally flat form of the spatial metric: if Mij is an
arbitrary 2× 2 matrix, then
GijlkMijMkl = Ω
−4
[
(M11 −M22)2 + (M12 +M21)2
]
. (3.5)
We start by analysing the solution of Eq. (3.2). We recall that in the critical case
λ = 1/2 we have the geometrical identity Gijklgkl = 0. Since the spatial metric has been
put in the conformally flat form (3.4), this identity also holds for the time derivative,
Gijklg˙kl = 0. Therefore, Eq. (3.2) reduces to
Gijkl∇j
(
N−1∇kNl
)
= 0 . (3.6)
We pose this equation as an equation for the shift vector Ni, under the condition of
asymptotic flatness defined in (2.5) – (2.7). We may contract this equation with
√
gNi,
and integrate over the whole spatial slide at an instant of time, obtaining
∫
d2x
√
gGijklNi∇j
(
N−1∇kNl
)
= 0 . (3.7)
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By integrating by parts we get two terms,
∫
d2x∂j
(√
gGijklNiN
−1∇kNl
)−
∫
d2x
√
gN−1Gijkl∇iNj∇kNl = 0 . (3.8)
According to the asymptotic conditions (2.5) – (2.7), the first integral yields a boundary
contribution that goes as r−(2+µ), hence it vanishes for µ ≥ 0. Thus, we arrive at the
equation ∫
d2x
√
gN−1Gijkl∇iNj∇kNl = 0 . (3.9)
By using identity (3.5), this equation takes the explicit form
∫
d2xΩ−2N−1
[
(∇1N1 −∇2N2)2 + (∇1N2 +∇2N1)2
]
= 0 . (3.10)
Since the integrand is a point-to-point sum of nonnegative quantities, and since we
assume continuity of the functions under integration, we have that this equation nec-
essarily implies the two equations
∇1N1 −∇2N2 = 0 , (3.11)
∇1N2 +∇2N1 = 0 . (3.12)
Explicitly, these equations are
∂1N1 − 2Ω−1∂1ΩN1 = ∂2N2 − 2Ω−1∂2ΩN2 , (3.13)
∂1N2 − 2Ω−1∂1ΩN2 = −∂2N1 + 2Ω−1∂2ΩN1 , (3.14)
or, equivalently,
∂1
(
N1
Ω2
)
= ∂2
(
N2
Ω2
)
, (3.15)
∂1
(
N2
Ω2
)
= −∂2
(
N1
Ω2
)
. (3.16)
The integrability of these equations leads to the condition of harmonic functions with
respect to the totally flat Euclidean Laplacian, ∆ ≡ ∂21 + ∂22 , namely
∆
(
N1
Ω2
)
= 0 , ∆
(
N2
Ω2
)
= 0 . (3.17)
Note that N1,2/Ω
2 are O(r−1) asymptotically. The only continuous function of asymp-
totic order O(r−1) that is harmonic with respect to ∆ is the zero function. Therefore,
we have shown that the only solution of Eq. (3.2) satisfying the asymptotic condition
(2.5) – (2.7) with µ ≥ 0 is Ni = 0. With this result the fields equations (3.1) and
(3.3) reduce themselves greatly. Since in this case Kij =
g˙ij
2N
and the metric has been
11
put in conformal form, we have the identities GijklKkl = 0 and K
i
kK
jk − 1
2
KKij = 0.
Equation (3.3) takes then the form
β
(∇ijN − gij∇2N)− α
N
(
∇iN∇jN − 1
2
gij∇kN∇kN
)
= 0 . (3.18)
Since the second term is traceless, the trace of this equation yields
∇2N = 0 . (3.19)
By a similar procedure of multiplying this equation by
√
gN and integrating over the
spatial slide, we get the equation
∫
d2x∂k (N∂kN)−
∫
d2x∂kN∂kN = 0 . (3.20)
With the asymptotic condition (2.5) – (2.6) we have that the boundary term goes as
r−1, hence it is zero. Again, the integrand of the remainning integral is nonnegative.
Thus, the only continuous solution of Eq. (3.20) is ∂iN = 0, which is fixed as N = 1
by the value at infinity. By inserting all the results we have obtained so far in the field
equation (3.1), we obtain it reduces to the condition of zero spatial curvature, R = 0.
After using the form of the metric (3.4), this condition takes the explicit form
Ω∆Ω− ∂kΩ∂kΩ = 0 . (3.21)
By integrating this equation over a spatial slide and integrating by parts, we get
∫
d2x∂k(Ω∂kΩ)− 2
∫
d2x∂kΩ∂kΩ = 0 . (3.22)
The boundary integral is of order ∼ r−µ(µ + O(r−1)), hence we can ignore it. Thus,
the behavior of Ω is the same as N : the only continuous solution of (3.22) is ∂iΩ = 0.
Since Ω is constant, the only possibility left is µ = 0. This completes the proof of
the theorem; the only regular asymptotically flat solutions of the critical 2 + 1 Horˇava
theory with µ ≥ 0 are the totally flat configurations. They have Ω = N = 1 and
Ni = 0. This can be stated in terms of the positivity of the energy: in the range of
the space of coupling constants defined by β > 0, the only regular asymptotically flat
vacuum solutions that have nonnegative energy are the flat configurations, which have
zero energy.
3.2 Nonflat solutions
We may drop prefixed boundary conditions and look for more solutions under a specific
ansatz. We start by evaluating Eqs. (3.1) – (3.3) for the case of static configurations
and imposing the condition Ni = 0. Equation (3.2) is automatically solved. Equation
(3.3) takes exactly the form given in (3.18), with its trace (3.19) yielding the condition
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of harmonicity on N . But, since in this part we do not impose boundary conditions, we
continue on solving the equations without fixing N yet. We put together the resulting
Eqs. (3.1) and (3.3), simplified by (3.19),
βR + αaka
k = 0 , (3.23)
β∇ijN − αN
(
aiaj − 1
2
gijaka
k
)
= 0 . (3.24)
This is the system of equations that must be solved for static configurations (the trace
of Eq. (3.24) reproduces Eq. (3.19)).
Next, we introduce the ansatz of a static spatial metric with rotational symmetry,
which in polar coordinates is
ds2 = f−1(r)dr2 + r2dθ2 , (3.25)
and we assume that the lapse function depends only on the radius, N = N(r). Under
this ansatz, Eq. (3.23) and the two diagonal components of the Eq. (3.24) take the
form
β
f ′
rf
− α
(
N ′
N
)2
= 0 , (3.26)
β
N ′′
N
+
β
2
f ′N ′
fN
− α
2
(
N ′
N
)2
= 0 , (3.27)
N ′
N
(
α
N ′
N
+
2β
r
)
= 0 . (3.28)
The off-diagonal component of Eq. (3.24) vanishes identically. We will see that Eq. (3.27)
is implied by Eqs. (3.26) and (3.28), hence the system is self-consistent. Equation (3.28)
has only two solutions. One isN ′ = 0, hence N = constant, which inserted in Eq. (3.26)
gives also f = constant. This is a flat configuration and Eq. (3.27) is automatically
solved by it. The other possibility is the vanishing of the second factor in (3.28),
α
N ′
N
+
2β
r
= 0 . (3.29)
This condition requires, by consistency, that α 6= 0. The solution for the lapse function
N is obtained by the direct integration of (3.29), and then the solution for f by the
integration of (3.26). In the integration of N , a multiplicative integration constant
arises; it has no physical meaning since it can be absorbed by re-scaling the time
parameter of the foliation. We put this integration constant equal to 1 for simplicity.
Instead, the integration constant that arises by integrating f cannot be absorbed by
rescaling coordinates; we denote it by r0. In this way we get the exact vacuum solution
N(r) = r−2β/α , f(r) =
(
r
r0
)4β/α
. (3.30)
13
Equation (3.27) is solved by this configuration. Functions N and f are singular at the
spatial infinity. The singularity could be 0 or ∞ depending on the sign of β/α.
We may build a spacetime curvature for this last solution if we assume that a
spacetime metric is built with the ADM fields, that is, (3)g00 = −N2 and (3)gij = gij.
The point we want to highlight is that the spacetime curvature is not zero for this
solution. Indeed, the only nonzero component of the Ricci tensor is (3)Rrr, which,
together with the Ricci scalar, are
(3)Rrr = −4β
α
r−2 , (3)R = R = −4β
α
r4β/α−2
r
4β/α
0
. (3.31)
There is a range in the space of parameters where the three-dimensional Ricci scalar
is regular in all finite points and diverges at infinity, namely
2β
α
> 1 . (3.32)
We may cast this range as a condition on α. Therefore, at least in the range (3.32),
this solution is not asymptotically flat. In the same range of parameters, the three-
dimensional Kretschmann scalar is also regular in all finite points and diverges asymp-
totically,
(3)Rαβγδ
(3)Rαβγδ = 3
(
4β
α
)2
r8β/α−4
r
8β/α
0
. (3.33)
The same bound (3.32) on α has arisen in the nonprojectable Horˇava theory in other
contexts, see, for example, [4].
Conclusions
We have found that the critical 2+1 nonprojectable Horˇava theory has properties quite
similar to 2 + 1 general relativity, although some differences arise. We have studied
the large-distance effective action, hence these effects manifest themselves at second
order in derivatives. We have shown, by means of a rigorous canonical analysis, that
this formulation of the Horˇava theory does not propagate any physical local mode, like
2 + 1 general relativity. Despite the fact that the field equations are different to the
Einstein equations, we have found that, in the theory without sources, a class of regular
asymptotically flat solutions are indeed globally flat. Moreover these solutions are the
ones that can be found among the asymptotically flat configurations with positive
energy when β > 0. Thus, one sees that, in spite of being a different theory with a
different gauge symmetry group, the critical theory in two spatial dimensions tends
to exhibit a dynamical behavior similar to general relativity. Another feature that we
have presented is the absense of Newtonian potential (assuming again the condition of
asymptotic flatness).
It would be interesting to elucidate if the condition of asymptotic flatness leads
always to totally flat solutions, by completing the proof for negative µ. In the contrary
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case, if regular asymptotically flat solutions with negative µ exist, then they possess
positive energy in the range β < 0. The sign of β is not restricted, at least by appealing
to the symmetry, wave propagation or Newtonian force. This is a particular feature
of the 2 + 1 Horˇava theory. The only restriction is β 6= 0, which is a requisite for the
consistency of the dynamics.
On the other hand, we have seen that the critical theory admits an exact vacuum
solution with nontrivial curvature that is not asymptotically flat. We have presented
the specific solution, which is static and with rotational symmetry. Thus, there is
a relationship between the choice of the boundary conditions and the closedness to
general relativity.
A Newtonian force
We may ask whether there is a place for a Newtonian force in this theory. The com-
putations can be taken from Ref. [14], since the solution is the same for the critical
λ = 1/2 and noncritical λ 6= 1/2 cases. Here we summarize the solution with the aim
of showing explicitly the coupling between the critical Horˇava gravity and the particle
and how the Newtonian potential is lacked.
We couple the gravitational theory to a massive particle at rest. We assume that
the dynamics of the particle is governed by an action of relativistic nature. Hence we
assume that the action of the particle is proportional to the lenght of its worldline,
embedded in a spacetime ambient. The ambient is taken from a solution of the Horˇava
theory. We choose the time coordinate t of the ambient foliation to parameterize
the worldline of the particle. The mechanics of the particle is characterized by the
embedding fields q0 = q0(t) and qi = qi(t), which define the position of the particle in
the foliation. Thus, the combined system critical 2 + 1 Horˇava gravity–point particle
is given by the action
S =
1
2κ
∫
dtd2x
√
gN
(
KijK
ij − 1
2
K2 + βR+ αaka
k
)
−m
∫
dt
√
L , (A.1)
where
L = (N2 −NkNk)
(
q˙0
)2 − 2Nkq˙0q˙k − gklq˙kq˙l , (A.2)
m is the mass of the particle and κ is a coupling constant. L is the squared line element
of the particle evaluated on the background of the ADM variables, and these variables
are evaluated at the position of the particle in L. The field equations of the ADM
variables are obtained by varying the action (A.1) with respect to them. We shown
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the resulting equations directly evaluated on the gauge Ni = 0,
KijKij − 1
2
K2 + βR + αaia
i − 2α∇
2N
N
= 2κm
(q˙0)2N√
gL
δ(d)(xk − qk) , (A.3)
Gijkl∇jKkl = − κm√
gL
q˙0q˙iδ(d)(xm − qm) , (A.4)
1√
g
∂
∂t
(√
gGijklKkl
)
+ 2N(KikK
jk − 1
2
KKij)− 1
2
NgijGklmnKklKmn
−β (∇ijN − gij∇2N)+ α
N
(
∇iN∇jN − 1
2
gij∇kN∇kN
)
=
κm√
gL
q˙iq˙jδ(d)(xm − qm) . (A.5)
In theNi = 0 gauge we have thatKij = g˙ij/2N . The equations of motion corresponding
to the variations of the coordinates of the particle are
qi′′ + Γiklq
k′ql′ +
1
2
∂iN2(q0′)2 = 0 , (A.6)
2√
L
d
dt
N2q0′ + ∂0N
2(q0′)2 − ∂0gijqi′qj ′ = 0 , (A.7)
where the prime means
ψ′ ≡ 1√
L
∂ψ
∂t
. (A.8)
In the equations of motion (A.3) – (A.7) we consider that the particle and its grav-
itational field (the N and gij fields) are static. A suitable choice for the location of the
particle is q0 = t, qi = 0, which means that the particle remains at the origin. Under
these settings, Eq. (A.5) acquires exaclty the same form displayed in (3.18) for the vac-
uum theory. Its trace gives again the condition of harmonicity on N (3.19). Imposing
the asymptotic condition (2.5) – (2.6), which is appropiated for the Newtonian case,
we have again that the only solution is N = 1 everywhere. Since a nonconstant −N2
would be the analogue of the Newtonian potential, we have that there is no Newtonian
force in this theory. Hence, the situation is the same as in 2 + 1 general relativity.
Indeed, the rest of the analysis for solving the remaining field equations is parallel
to general relativity. Equation (A.4) is automatically solved. Particle’s equations of
motion, given in Eqs. (A.6) – (A.7), are automatically solved considering that N = 1.
The remaining is the analogue of the time-time component of the Einstein equations,
Eq. (A.3). It takes the form
√
gR =
2κm
β
δ(2)(xi) . (A.9)
This equation was solved in [13]. Its solution, in polar coordinates, is
ds2 = r−
κm
piβ (dr2 + r2dθ2) . (A.10)
The generic geometry is a flat cone (other geometries are possible in the space of
parameters [13, 12]).
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